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ABSTRACT

The work presented here is a practical, non-linear
controller design methodology for robot maniputators that
gusrantees: )the robot end-point follows an input command
vector "closely” when the robotis not constrained by the
environment, and 2) the contact force is a function of the
same input command vector [used in the unconstrained
environment) when the robot is constrained by the
environment. The controller is capable of "handling” both
types (constrained and unconstrained) of maneuverings,
and is robust to bounded uncertainties in robot dynamics.
The controlier does not need any hardware or software
switch ~for transition between unconstrained and
constrained maneuverin%. In this design method, the
structural comptiancy of the manipulator has also been
considered. A set of experiments were carried out to
describe how this unified apEroach can develop electronic
compliancy in 8 robol manipulator. The controt
architecture has been described by two different methods;
frequency domain, and input/output time domain
properties.(25,26)

Nomenciature )
the closed-Loop mapping fromr to f

d nx1 external-force vector on the robot end-point
e nx1Input tra jectory vector
em,dm positive scalars
environment dynamics
nx1 vector of the contact force
0 Usothe Limiting value of the contact force and robot
position for rigid environment
robot dynamics with positioning controtler
compensator transfer function matrix
nxt input-command vector
degrees of the freedom of the system n<é
robot manipulator stiffness
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environment deftection
] vector of the robot end-point position
nx1 environment-position vector before contact
nxt vector of the joint angles of the robot
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w, frequency range of operation {bandwidth)
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1. Introduction

In general, menipulation consists of two categeries. In
the first category, the manipulstor end-point is free to
move in all directions. In the second, the manipulator
end-point interacts mechanically with the environment.
Most assembly operations and manufacturing tasks require
mechanicat interactions with the environment or with the
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object being manipulated, along with "fast” motion in free
and unconstralned space.  Therefore, the object is to
develop a control system such thst the robot will be
capable of "handling” both types of maneuvers without any
herdwsre and software switches. The hardware and
software switches used in algorithms such as hybrid
force/position control (20) develop unpleasant transient
response in the transition period. In meeting the above
objective, the goal 1s to develop & controller for the robot
maniputator such that:

1) The robot end-point follows an input-command vector
very "closely” when the robot is not constrained. {s
more rigorous definition for "closely" will follou.)

2]} The contact force is a function of the same input-
command {used in the unconstrained maneuvering)
when the robot is constrained by the environment.

Note that the above notation does rot imply a force
control technique [18,19,20,28). We are looking for &
positioning controller that guarantees the tracking of the
input-command vector when the robot is not constrained,
as well as the relation of the contact-force wvector with
the same input-command wvector when the robot
encounters an unknown environment.

2. Motivation

The following scenario reveals the crucisl need for
comptiance control In high~speed manuracturing operations,
Consider an assembly operation by 8 human worker in which
there are some parts to be assembled on the table. Each
time the worker decides to reach the table and pick up &
part, she/he always encounters the table with a non-zero
speed; In other words she/he hits the table while picking
up the parts. The worker also assembles the parts with a
norn-zero speed; meaning the parts hit each other while
they are assembled. The ability of the human hand to
encounter the unknown and unstructured environment
with  non-zero speed allows for & higher speed of
operation. This sbility in human beings flags the existence
of a complisnce control mechanism in biological systems,
This mechanism guarantees the “stability” of contact forces
in constrained maneuvering, in addition to high speed
maneuvering In an unconstrained environment.  With the




existing state of technology, we do not have anintegrated
robotic assembly  system thst can  encounter an
unstructured environment as & human worker can. No
existing robotic assembly system is faster than a human
hand. The compliancy in the human hand allows the
worker to encounter the environment with non-zero speed.
The sbove example does not imply that we choose to
imitate human factory-level physiological/psychological
behavior as our model to develop an over-all controt
system for manufacturing tasks such as assembly and
finishing processes. We stated this example to show
that: 1} & reliable and optimum solution for simple
manufacturing tasks such as assembly does not yet exist
and 2] it is the existence of an efficient, fast compliance
control system in human beings that allows for superior
and faster performance. We believe compliance control is
one of the key issues In the development of high-speed
manufacturing operations for rabot manipulators.

The control method explained here is general and
applies to all industrial and research manipulators. We
describe the method in two different fashions. First we
choose the conventionsl frequency domain approach for
understanding the fundamentals of the control
methodology [Sections 3-9). The convenient notation of
Laplace and strong Nyquist criteria allow us to arrive at a
fundamental condition for stability of the robot
manipulator when it is in contact with the environment {in
particutar & hard environment in Section 8). In sections 10-13
we take the time-domain non-linesr approach to arrive at
the stability condition. The results of two spproaches are
similar.

3. The Controller Design Objectives

The design objective is to provide a stabilizing dynamic
compensator for the robot manipulator such that the
following design specifications are satisfied.

I. The robot end-point follows an input-command vector,
r, for all wel0,w,) when the robot manipulator is free to
move.

11. The contact force* is a function of the input command

vector, r, for all we(0,w,) when the robot is in contact
with the environment. .

The first design specification allows for free
maniputation when the robot is not constrained. If the
robot encounters the environment, then according to the
second design specification, the contact force will be &
function of the input command vector. Thus, the system
will not have a large and uncontrollable contact force,
Note that r is an input command vector that is used for
both unconstrained and constrained maneuverings. The
end-point of the robot will follow r when the robot is
unconstrained, white the contact force will be function of r
{preferably a linear function for some bounded frequency
range of r) when the robot is constrained.

* In this paper Force implies force and torque and positior
implies position and orientation,
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4) Dynamic Model of the Robot with Positioning
Controllers in Frequency Domain

In this section we develop a new approach to describe
the dynamic behavior of a large class of industrisl and
research robot manipulators having positioning controtlers.
We plan to model the dynamic behavior of  these
manipulators by a general mathematical form.

The fact that most industrial manipulators have some
kind of pasitioning controllers is the motivation behind our
approach. Also, 8 great number of methodologies exist for
the development of the robust positioning controliers for
direct and non-direct robot maniputstors (23,24,27).

The end-point position of & robot manipulator that has
8 positioning controller Is “approximately” equal to the
vector of input trajectory, e, If e is bounded in magnitude
and frequency. The approximate equatity of e and the
actual end-point position (in absence of external force on
the robot end-point] can be represented by inequality

lyl)w,e,0) - el jwlll,
I e{ jeo)ilp

(€ forall wew, and llell<ey (1)

where w, 8nd &, are finite scalars; and © represents the
configuration of the robot manipulator. [ |l.[l, denotes the

Euclidean norm.) e and y are the n-dimensional {n¢s)
vector of input trajectory send end-point position N a

global cartesian.

Since the dynamic behavior of robot maniputstors with
positioning controllers in general is considered non-linear,
the amplitude of the output position, y, depends not only
on the amplitude of the input trajectory, e, but also on the
orientation of the robot, 6.

Some explanstions are needed for the practical
conditions that are imposed by e, and w, on inequality 1.
Because of the limitation on the size of the actuator
torque, one cannot track & "large" trajectory vector, e,
with & small tracking error, &, within the frequency range
of {0,w,). Scalar &, 1s defined to represent the confinement
of the magnitude of e. Physical systems are not responsive
to high frequency input trgjectories. Inequality 1 will not
hold at high frequencies. w, is introduced to represent this
limitation. The frequency range (0,c0,) Where inequlity 1
holds, is called the bandwidth of the closed-loop tracking
system (1,5,9). €, Is a small number for good positioning
systems. As an exampte, for the ADEPT robot, €, 1S equal to
0.01for all llell; < 1cm, and we (0, 5 hertz] .

Note that we chose the frequency domain to represent
the dynamic behavior of the closed-loop positioning robot.
This allows us to represent an approximation of the
dynamic behavior of the closed-loop positioning robot
without being specific  about the nature of the input
trajectory, e, and the structure of the positioning
controller. For any manipulator, with any type of
positioning controller, one can always arrive st inequality
1 experimentally or analytically. Conservative values for
w, and &, are adequate to represent an approximation of
the closed-Loop positioning dynamic for the robot. We define
8 transfer function matrix to alter inequality 1 to an



equality as given by equation 3.

yl jo,e,8)=6{jw,.e,6) eljw) (3)
where:
6 jeoe.0) - 1 er]“z@e for all wew, and lella<ey, (4]

It eljeol li2
Readers can think of Gljw,e,6) as 8 describing function
matrix that maps the amplitude of the input trajectory, e to
the amputude of the robot position, y. For simplicity and
generality of the figures for various concepts we drop the
arguments of variables in the figures.

e Y
—»{ G >

Figure 1: Input/0Output Relationship for a Robot with
a Positioning Controller

We plan to errive at a dynamic compensator which
develops compliancy for the robot manipulator in the
.global cartesian coordinate frame. Since this compensator
will be independent of the structure of G, one need not be
concerned with the "details” of G. We prefer equslity 3
{when inequality 4 holds) to inequatity 1 because of its
convenience in notation. G is & transfer function matrix
that maps the asmplitude of the Input trajectory to the
amplitude of the actual robot position such that inequstity
4 [and consequently inequality 1) is true.

Robot manipulators with positioning controllers are not
infinitely  stiff in response to external forces {also called
disturbances). Even though the positioning controllers of
robots are usually designed to follow the Input trajectory
{sccording to Inequiity 1} and reject disturbances, the
robot end-point moves "somewhat” in response to imposed
forces on the robot endpoint. The motion of the robot
end-point in response to imposed forces Is due to either
structural compliance in the robot or the positioning
controller  comptiance.  The motion of the robot
manipulator In response to the external forces can be
defined similarty by a transfer function mstrix similar to
equation 3. The motion of the end-point of a robot under

the imposed force, d, at the end-point, in the sbsence of
any input trajectory can be depicted by the block diagrem

in Figure 2 and equation 5 such that inequality 6 is satisfied.

4,5 LY

Figure 2: External Force/Output Relationship for
Robot with a Positioning Controller

Il 8{yw,e.8) djwl
——L)—————U—-—2< €g for all wEw, andildil<dy,
Faljeol iz

(5]
(6

dl jeo) 18 an n=cimensional vector of the external force that
i3 imposed on the robot end-point. S is § transfer function
matrix that represent the compliance [1/stiffness] of the
robot. S Is called the sensitivity matrix and for "good"
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positioning systems is quite "smatl”. { By "smatl" we mean
the maximum singular value® of Sis a small number for atl
the frequencies that the external force, d, sffect the
system.)

Assuming that the effect of d and e can be added
Unesalry, equstion 7 represents the dynamic behavior of &
robot with a positioning controller:

Yl j,d,0)= G jw,e,0)el jwl+ S jw,d,0) dl jw) (7]
where G and S are given by equations 4 and 5. Figure 3
shows the complete dynamic behavior of the robot
manipulator with a positioning controller.

&d

e Robot Manipulator y
with
Positioning Controtler

id

e + 4
—» G

Figure 3: The Dynamics of the Manipulator with
Positioning Controtler

We deal with the robustness at this stage. One can
design a positioning compensstor to develop & tracking
system such that the closed-loop system is always robust
to the bounded uncertainties in the open Loop dynamics of
the robot. It is clear that the more uncertsin the model of
the robot is, the smaller bandwidth (stower response) can
be achleved for the tracking system. On the other hand, if
very little uncertainties is allowed in modelling the open
loop dynamics of the robot manipulator, a wide [and
consequently fast] tracking system can be developed for
the system. (5)

5. Environment Dynamics in Frequency Domain

There is no specific model for the environment dynamics,
The environment can be very "soft” or very "hard". We do
not restrain ourselves to any geometry or to any structure,
We can assume thst if one point on the surface of
environment is displaced (e.g. by the end-point of the robot)
as vector of x, then the required force to do such & task is
defined by f [Figure 4).

f(jeo, %) = E{Jeo, X} x{ joo) {8)

* The maximum singular value of His defined as:
tHrlip
firllz
Where r=0, and || .{l, denotes the Euclidean norm.

O maxiH) = max



Figure 4: The Envroment and its Dynamics

X, I8 the initial Location of the point of contact before
deformation occurs and y is the robot end-point position.
{x=y-%o). Eljw,X)} is & complex matrix that maps the
smplitude of the displacement vector, x 1o the amplitude of
the contact force, f. The matrix E Is a nxn transfer function
matrix.  No assumption about E is made; E is a sigular
matrix when the robot interacts with the environment in
some directions only. For example, in grinding a surface,
the robot is constrained by the environment in the direction
normal to the surface only. Readers can be convinced of
the truth of equation 8 by analyzing the relationship of the
force and displacement of & spring as a simplte model of the
environment. E resembles the stiffness of a spring.
6. Dynamic Behavior of the Robot and Environment
Suppose a manipulator with dynamic equation 7 is in
contact with an environment given by equation 8. The
contact force will be equal to f. Note that when the robot
manipulator and environment are in contact with each
other, f=-d and x=y-x,. Combining equations 7 and 8,
equation 9 is derived to describe the dynamic behavior of

the robot and the environment. (For simplicity in notation
the arguments of functions are omitted.)

y=1+SE""'Ge (9)

Figure 5 shows the  robot manipulator and the
environment when they are In contact with each other.
Note that in some applications, the robot will only have
uni-directional force on the environment. For example, In
the grinding of a surface by a robot, the robot can onty
push the surface. If we consider positive f; for "pushing”
and negative f, for "pulling”’, then the robot manipulator and
the environment are in contact with each other along
those directions where >0 for i=l,..,n. On the other hand, in
some applications such as screwing & bott, the interaction
force can be positive and negative. This means the robot
can have clockwise and counter clockwise interaction
torque. The nor-linear discriminator block-diagram in Figure
Sis drawn with dashed-line to illustrate the above concept.

When the robot is not in contact with the environment,
then E=0 and the equation that governs the dynamics of the
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system is given by equation 10 {the same as equation 3).

y=Ge (10)
Note the natural feedback in the system; the force
developed in the system due to the interaction of the robot
manipulator and the environment affects the robot motion
in a feedback fashion.

y f
5 y E
) 0
‘ Y
e - d -
—» G —&

Figure 5: The Manipulator and the Envircnment

7. The Closed-toop Architecture

The control architecture in Figure 6 shows how
compliancy is being developed in the system. H{jw)is &
compensator 1o be designed. The input to this
compensator is the contact force. The compensator output
signal s being subtracted from the vector of the input
command, r, resulting in the error signal, e as the
input trajectory for the robot maniputator.

' .............. f
S|« E
) 0
_ 3
r e
6 g
— o
H f— | E

Figure 6: The Closed-loop System

There are two feed-back Loops in the system; the upper
Loop (which is the natural feedback Loop), is the same as the
one shown in Figure 5. This Loop shows how the contact
force affects the robot in a natural way when the robot is
in contact with the environment. The Lower feedback Loop
i the "controlled" feedback Loop. We chose  this
architecture in the presentation of the system 1o
emphasize the separation of the two loops. If the robot
and the environment are not in contact, then the block
diagram reduces 1o the one shown in Figure 3, which is a
simple positioning system. When the robot and the
environment are in contact, then the vatue of the contact
force and the end-point position of robot are given by

equations 11 and 12 respectively.



f=E(1+SE+GHEGr
y=1+SE+GHEGr

(1
(12)

We plan to choose a class of compensators, H, to shape
the impedance of the system in equation 1. Thig
compensator must also guarantee the  stability of the
closed-Loop system shown in Figure 6. When the system is
not in contact with the environment, the actual position of
the robot end-point is almost equal to the input trajectory
governed by equation 3. When the system is in contact with
the environment, then the contact force 1s a function of r
according to equation 1. The input command vector, r, is
used differently for the two categories of maneuverings,
as 8 trajectory command in unconstrained space (equation
3) and a5 @ command to shape the force in constrained
space, {equation 11. We do pot command any set-point for
force as we do in admittance control or in & force controb
system (20). This method is called Impedsnce Control
(2,3,4,6,7) because it accepts a position vector as the input
and it reflects a force vector as output. There is no
hardware or software switch in the control system when
the robot travels from unconstrained space to constrained
space. The feedback Loop on the contact force closes
naturally when the robot encounters the environment.

8. Very Rigid Environment

In most manufacturing tasks such as robotic deburring
[8,12,13,14,15), the end-point of the robot manipulator is i
contact with & very stiff environment In this section, we
plan to calculate the Umiting value for f and y when the
robot maniputator snd & very rigid environment are
interacting with one another. According to the results in
Appendix B, when the environment is very stiff, (€
approaches oo in the singutar value sense), the resutting
value for the contact force and the end-point position are
given by equations 13 and 14 respectively:
foo = (S+GHIG ¥
Yo =0

(13}
(14}

Since G=I, for all wel0,w,), the value of the contact force,
f, within the bandwidth of the system [0,w¢) can be
approximated by equation 15:
foo % (S+H)r for all we(0,w,) (15)
The fact that most tracking systems follow their commands
very closely within their bandwidths is the motivation to
consider G=1;,. By knowing S and choosing H, one can shape
the impedance of the system. If H s chosen such that (S+H)
is “large’ in the Singular Value sense at high freguencies,
then the contact force in respose to high frequency
components of r will be smail. The value of (S+H) within
{0,w,) is the designer's choice and, depending on the task, it
can have various velues in different directions (6,7,10,1,22).
A small vatue for {S+H)™ within (0,w,)} develops a compliant
system while & Large [S+H)™ generates a stiff system.

By specifying H, the designer governs the behavior of
the system in constrained maneuvers. Large members oOf

745

the matrix ($+H)™ imply large interaction forces and
torques. Small memebers of the matrix (S+H)™ allow for &
considerable amount of compliancy in the system. (§+H] -
in one sense represents the type of behavior a designer
may wish a stable positioning system to exhibit. For
example, if the system is expected to encounter some
physical constraint In a particular drection, H may be
selected such that contact force Is ensured in that
direction. Therefore (S+H)™ can be formed to contain
values appropriate for different directions.
9. Stability of the Ctosed-Loop System

The objective of this section is to arrive at a sufficient
condition for stability of the system shown in Figure 6. This
sufficient condition automaticslly Leads to the introduction
of a class of compensators, H, that can be used to develop
compliancy for the class of robot manipulators that have
positioning controliers.  The detsilted derivation for the
stability condition is given in Appendix A. According to the
results of Appendix A, the sufficient condition for stabitity
1s given by inequatity 16:

Omax [GHE] oy [SE + 1)) for all  we(0,00) (16)
or equivalentiy,
O max [H] € for all wel0,0)  [17)

Omax [E(SE + 1,776]

If H is chosen outside of this class, instability and
consequent separation may occur. {Inequality 17 I1s &
sufficlent condition for stability. If inequality 17 is not
satisfied, no conclusion on the stability of the system cen
be schieved) EISE+IJIG is the forwerd Loop transfer
function of the system in Figure ?. According to inequality
16, the "size" of Hin all directions must be smaller than
the reciprocal of the maximum "size” of the forward Loop
transfer funtion, E(SE+I)?G. Note that S and E are
functions of their inputs. One must find the largest value
of the maximum singular velue of E[SE+1,)7'6 as the most
conservative case. Inequality 16 guarantees the stability of
the system if the maximum singular value of His chosen to
be Less than the reciprocal of the maximum singular value
of E(SE+1,)'6 for all possible inputs, r and robot
orientation, 6.
f

Figure 7: The Simplified Form of Figure 6

Inequality 17 reveals some facts about the size of H  The
smaller the sensitivity of the robot manipulator is, the
smaller H must be chosen. Also from inequality 17, the more
rigid the environment is, the smaller H must be chosen. In
the “Idesl case”, no H can be found to allow & perfect
positioning system (5=0) to Interact with an infinitely rigid
environment (E=oo0),

Stability for very rigid environment. If H is chosen to



gusrsntee the compliance in the system when the
environment is infinitely rigid, then it must also satisfy the
stability condition. Considering inequality 17, it can be shown
that the stability criteria for interaction with a very rigid
environment {when E approaches oo in the singular value
sense) is given by inequality 18:

1

(18}
T max (s 6l

Omax 1H € for all we(0,0)

It is clear that if the environment is very rigid, then
one must choose 8 very small H to satisfy the stability of
the system when S is "small”. [A good positioning system
has “small" ). Since G=I, for all we(D,w,), the bound for H,
for a rigid environment and a “small" stiffness, is given by
inequality 19,

Omax M1 € omn (8] for all welf,w,) {19}
Inequality 19 states that one must st least have some
compliancy inthe system to guarantee the stability. This
comptiancy can be provided by considering & passive
compliant element in the robot (for example in the wrist).
Practitioners have always observed that if there is some
passive compliant elements between the robot and the
environment, the« range of the stability will be much
targer. Inequality 19 clearly shows the large value for S
develops more range for stability for the closed-loop
system.
stability Condition when n=1, In the case of the one
degree of freedom system (an example is given in Figure 10)
the condition for stability is given by inequality 20.

[HGl < 1(S+1/E)l  for all we(0,) (20)
| .| denots the magnitude of the complex variable. Since in
many cases Gzl for atl 0<w<w,, then H must be chosen
such that the following inequatity is satisfied.

IHI< | (S+1/E) for sl wel0,w,) 21
Equation 21 clearly shows that the more rigid the
environment is, the smatler H must be chosen to guarantee
stability. In the case of 8 rigid environment {("large" Eland &
*good" positioning system {"small" 8}, H must be chosen as a
very small gain.
10. Non-Linear, Time-Domaln Dynamic Model of the
Robot Manipulator with Positioning Controller

In sections 10-13 we take the time-domain non-linear
approach to analyze the control architecture that was
given in Figure 6. The general form of the dynamic behavior
of the robot maniputator and the environment are given in
sections 10-13. Section 13 describes the non-linear stability
condition which confirms the results of Section 9.

The general form of the non-linear dynamic equations
of a robot manipulator with positioning controller can be
given by two non-linear vector functions G and § in
equation 22.
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y=6le) » S(c) (22)
”U“e”p

where: ——— < g, for llell, < ey {23)
fleli,
Iyt

nd: —P ¢ for lldll, € dy
i, &y or flafl, <d (24)

where \, Gle) and Sld)eR"

(The definition for | ll, is given in Appendix C.) We purposely
choose notations S and G for these mappings to remind the
readers that the vector functions in equation 22 carry the
same mappings that matrices G and S do in the frequency
domain case of Section 4 (equation 7). Figure 3 shows the
nature of mapping in equation 22. No assumption on the
internal structure of Gle) and S(e) are made. e assume
that Gle) and Sld) are stable non-linear operators in the
Lp-space; in other words Gle) and Sid) are such that G: L," —
Ly", SLy" — Ly and also there exit constants ay, By o
and g such that [I6{ell,< o llell,+ gy and IS[dll ¢ e lldlip+
g,. [The definition for Lg-stability is given in Appendix C}
1. Non-linear, Time-Domain Dynamic Behavior of the
Environment

The dynamic behavior of the environment is given by 8
nor-linear vector function E: x—f where x and f are
defined in Section 5.

f=E(x) (25)

No assumption is made on the structure of E. We aiso
assume E is stable in Lg-sense; E: L"—L," and also there
exit constants such 8s «g and gz such that fE(xMi <agz
lIxll+ B3. Here again we choose the same notation for this
non-Unear mapping as we did in the Linear case. Ein Section
5 is defined as a matrix for a linear transformation while in
the general case, it is & stable non-tinear vector function.
Figure 4 shows mapping 25.
12. Non-Linear Dynamic Behavior of the Robot
Manipulator and Environment

Combining equations 22 and 25 results in equation 26
which is the entire non-linear dynamic behavior of the
manipulator and  environment when they are in contact
with one another. Note that again x=y-%, and f=-d.

y= Gle} - S(f)
f=E(y-x,)

{26)
(27)

The block diagram in figure S shows the nature of
mappings 26 and 27. We define V as a mapping from e to
f. In other words the mappings given by equations 26 and
27 can be simplified by mapping V: e—~f . e and f are shown
in Figure 8. [V is similar to E(SE+1,)7'G in Figure 7.

e f
—» V —»

Figure 8: The Mapping from the Input Trajectory
to the Contact Force



Note that we assume V is 8s stable operator in L -sense; in
other words: ViL—Lg" and also [Viell; < oq llell, + 84
where a4 and g4 are constants.
13. Stablility of the Closed-Loop System

The objective of this section is to arrive at a sufficient
condition for stability of the system shown in Figure 8. The
measured contact force is subtracted from the
input-command vector, r as in Figure 9. This sufficient
condition automatically Leads to the introduction of a class
of compensators, H, that can be used to develop
compliancy for the class of robot maniputators thet have
positioning controllers. The following theorem states the
stability condition of the closedloop system shown in
Figure 8. A corollary is given to represent a bound on H to
guarantee the stability of the system. This corollary
confirms the results of section 9.

r € f

H

Figure 9: Manipulator and the Environment with
Force Compensator, H (Simplified Version of Fig. 6]

L. 1f Vis a L;-stable operator, that is

a) Meki, —L"

b)  Iviellg<adlel, + pq
where a4 8Nd B4 are positive constants, sndif,
K. His chosen as stable linear transfer function matrix
such that mapping Hv(elis still L -stable, that is

{28)
{29

al Hvle:L —Ly (30)
b) IHviell,<asllel, + Bs where as<! {31)
then the closed-Loop system is L-stable. Condition [is

already assumed in Section 12.  The Proof is given in
Appendix C.
Coroliary

The key parameter in the theorem is the size of as.
According to the above  theorem, to guarantee the
closedLoop stability of the system, H must be chosen such
that the norm of Hv{e} is Linearty bounded with & stope that
is smaller than unity. Considering inequality 29, inequality
32 i true.

IHviel,<iHlle [ agliel, + 8o ) (32)
Comparing inequality 31 and inequality 32, to guarantee the
stability of the system, [ Hllp g must be smatler than unity,
or, equivalentiy:

IHHp < Vg (33)
Substituting for a4 from inequality 29:
llell
WHIp < Vg € ———— (34)
Vel - B4
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To guarantee the stability of the closed-oop system, H
must be chosen such that:
ftell
IHllp ¢ o (35)
fIviellle

Inequality 35 states that the Lp-norm of H must be less
than the reciprocal of the "magnitude” of the mapping in the
forward Loop in Figure 9. This gusrantees the stability of
the closed-loop system. This result is 8 general form of
the result which is given by inequality 17.
14. Experiments
A simple experiment is described here to show how

Impedance control can be employed to develop compliancy
on & one degree of freedom system. A more practical
example is given in reference 14, This experiment also
points out the difference between employing Impedance
controt  (2,3,46,710,) and admittance control in
constrained maneuvers. The system consists of & Link which
is driven by a DC motor as shown in Figure 10. The DC motor
has & positioning contfoller. This controller guarantees
that the end-point of the Link follows the trajectory
command very closely. In this section, we are interested in
observing the transient behavior of the Link from
unconstrained maneuvers to constrained maneuvers. The
system is controlled according to Figure 6. A wide
bsndwidth force sensor is mounted on the Link to measure
the contact force. The controller is able to accept the
value of the compensator, H in addition to the
input-command vector, r. Several experiments were carried
out on this set-up.
1. High-Speed Contact

In this experiment, the link is commanded to move
beyond the solid block. As Long as the Link is not in contact
with the aluminium block, the contact force is zero. After
the link encounters the rigid block, the contact force
rapidly increases to & finite value of one Lb. Figure 1
shows the step-wise change of the force from zero to 1
Ibf. The value of the force is proportional to the distance
from the rigid block surface and the commanded position of
the Link. Equation 15 shows the proportionality of the
contact force with the input command. After 125 seconds,
the Link 1s commanded to its original position step-wise. The
contact force drops to zero. The over-shoot of the
contact force shows the transient period.

r e Positioning |
_T ™ controter
H e

DC Motor,

Force Sensor -

Rigid Environment
(ALuminium)

Figure 10: DC Motor With One Link
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Figure 12: Experiment II

I1. Step-Wise Change (n Force During the Contact

This experiment shows the stability of the closed-oop
system during the rapid change in the input command. In
this experiment, the Link is commanded to move beyond the
surface of the solid block (Figure 12). The contact force is 1
Lbf. After about 4 seconds, the Link is commanded to move
more. This increases the contact force to 2 Ibf. The
contact force is proportional to the commanded trajectory.
After 5 seconds the Link is commanded to move back. The
force drops down to 0.8 lbs. After 1 second, the Link Is
commanded o seperate the solid block. The force value
drops down to zero.

I11. Sinusoidal Contact Force

In this set of experiments, the Link is commanded to
follow a sinuousiodal trajectory white it is in contact with
the solid object. Figure 13 shows the sinuousiodal contact
force. The contact force is function of the input command
trajectory.

Note that we have & positioning system for the DC
motor and the link that has the ability to modulate the
impedance of the system. It sccepts a position vector, r,
and it reflects a force as output. We do not command any
set-point  force as we do In admittance control. By
assigning various position commands and by maintaining
complete control on the vslue of H we can keep the
contact force in 8 desired range.

i
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15. Summary and Conctusion

Manipulstion requires interaction with the environment
or with the object being manipulated. This paper presents
& controlier architecture for the robot maniputators that
can generate electronic compliancy. We started with
modeling the class of robot manipulators that have
positioning controllers, This model is independent of the
structure of the positioning controller of the robot
manipulator. Having the robot and environment modeled in
& very general form, we arrive st a new architecture
control to guarantee electronic compliancy for the robot
manipulators. This approach allows not onty for tracking
the input-comana vector, but alse for compliancy in the
system. The bound for the global stabllity of the
manipulator and environment has been derived. & set of
experiments have been conducted to verify the resutts.
Appendix &

The objective is to find a sufficient condition for stabitity
of the closed-loop system in Figure 6. The block diagram in
Figure 6 can be reduced to the block diagram in Figure Al
providing G exists.

Figure At: Simplified Block-Diagram of Figure 6

There are two elements in the feedback Loop; HE and
67'SE.  G'SE shows the nstural force feedback while HE
represents the controlled force feedback in the system. If
H=0, then the system in Figure Al reduces to the systemin
Figure 5 (a stable positioning robot manipulator which is in
contact with the environment E] The objective is to use
Nyquist Criteria {17, 21) to arrive at the sufficient condition
for stability of the closed system when H=0. The following
conditions are regarded:

1} The closed Loop system in Figure Alis stable if H=0. This
condition simply states the stability of the robot
manipulator and environment when they are in contact.
[Figure 5 shows this configuration.]

2] His chosen as 8 stable linear transfer function matrix.
Therefore the augmented Loop transfer function [GHE+SE)
has the same number of unstabte poles that SE has. Note
that in many cases SE is a stable system,

3} Number of poles on jw axis for both Loop SE and
GHE+G7'SE) are equal.

Considering that the system iIn Figure At is steble when
H=0, we plan to find how robust the system is when the

term HE is added to the feedback Loop. If the Loop transfer
function G{GTSE} (without compensator, H) develops a

stabie closedHoop system, then we are Looking for &
condition on H such that the sugmented Loop transfer
function G(HE+G7'SE]  guarantees the stability of the



closed-oop system. According to the Nyquist Criteris, the
system in the Figure Af remains stable If the clockwise
encirclement of the det[SE+GHE+1,] around the center of
the S-plane is equal to the number of unstable poles of the
Loop transfer function [SE+GHE] According to conditions 2
and 3, the Loop transfer functions SE and {SE+GHE) both
have the same number of unstable poles. The ctosed-loop
system when H=0 is stable according to condition 1; the
encirclements of det.{SE+I,) is equal to unstable poles of
SE. When H is added to the system, for stability of the
closed-loop system, the number of the encirclements of
det.(SE+GHE+I,) must be equal to the number of unstable
poles of the (SE+GHE). Since the number of unstable poles
of {SE+GHE) and SE are the same, therefore for stability of
the system det.[SE+GHE+1,) must have the same number of
encirclements that det(SE+[}) has. To guarantee the
equality of the number of encirclements of det.(SE+GHE+I,)
and det(SE+1,), therefore det.(SE+GHE+I,) must not pass
through the origin of the s-plane or equivalently:

det. [SE+GHE+ I} = © for all we(0,00) R1)
A sufficient condition to guarantee that det. [SE+GHE+I, ] is
not equal to zero is given by inequlity A2.

O max [GHENSoin (SE+1,)  for all wel0,00) (A2)

1
Opax [E (SE+1,)71 6)

O max [HIE for all e(0,00) (A3)

Note that E(SE+I,)'G is the tranfer function matrix that
maps e to the contact force, f. According to the result of
the theorm, H must be chosen such that the size of H is
smatler than the reciprocal of the size of the forward Loop
transfer function, (E (SE+1,)" G).

fippendix B
A very rigid environment generates a very Large force
for a small displacement. We choose the maximum sigular
singular of E to represent the size of E. The following
theorem states the Limiting value of the force when the
robot manipulator is in contact with & very rigid
environment.
Theorem
If onnEM, where Mis an arbitrarily Large number, then
the value of the force given by equation 11 will approach
to the expression given by equation Bt
foo = (5+GH)G ¥ (B1)
Proof. We witl prove that ope(fe- f) approaches a small
number as M approaches a Large number.

foo-f=(5+GH" [, - (S+GH)E (1, +SE +GHE)T'] Gr  (B2]
Factoring {I,+SE +GHE)™ to the right hand side:
foo - f = (5+GH) (I+SE+GHE)™ 6r (B3)

FTmaxfor F1<TmaxlS +6 HI™ o' paxlln +SE+G H T omax(6) (B4)
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‘ Tmax [6)
O'm‘,n[s +G H] ( O'm;n[SE ‘*GHE}_ 1)
O max [G)

Gm,n[S +G H] ( Tmin [8*6 H] o-mm[E] -1

Fmax(foo = f)

(B5]

O maxfoo ~ ) ¢

(B6)

TmaxlB) 8nd 07, (S+GH) are bounded values. If OrminlE)>M,
then it is clear that the teft hand side of inequality B6 can
be arbitrarily small number by choosing M to be & Large
number. The proof for Yo, =0 Is similar to the above.
Appendix C

Definitions 1to 5 will be used in proof of the stability of
the closed-loop system (25,26).

Definition t For sil pelloo), we Label as L", the set

consisting of alt functions f=f, f,,..,f,]7(0,00) —R" such that:
o0

J1£1P at <oo
0

Definition 2: For all Te(0, 00), the function f1 defined by:
f 0T '
f1=
0 T<t
is called the truncation of f to the interval (0,T).
Definition 3; The set of alt functions f=[f,fy,..,f,]7(0,00) —R"
such that freL", for all T 1s denoted by L7, although f by
itself may or may not belong to L",.
Definition 4; The norm on Ly" is defined by:

n 2
ZII f, L2
=1
Definition 5. Let V(e): Ly,
18 L,-stable operator, if:

a) MekL," — L

p)  Iviellycaslely + By, where oy and B4 8re positive
constants. According to this definition first we assume the
function maps from L', to L . It is very clear that if one
does not show that Vi",— L7 therefore the
satisfaction of condition (a8} is impossible because L%,
contains L% Once the mapping from L%, to LM, is
established, then we say that the system is L,-stable If,
whenever the input belongs to L%, the resulting output
belong belongs to L, and moreover the norm of the output
15 no larger than than a4 times the nrom of the input plus
the constant gy.
Proof of the stability theorm

Define the closed-Loop mapping Ar—e (Figure 6).

I, =

— LMpe. We say the mapping V

e=r-Hv(e} (c1
For each finite T, inequatity C2is true.
llefe <k rlpe+ IHVIEW,e  for all te(0,T) (c2)
since Hv(e] is Ly-stable. Therefore, inequality C3 is true.
llelpe <l rigeraslellys + Bs for sll te(0,T) (€3}



Bs

1 ~Og

for all te(0,T) (C4)

Inequality C4, shows that el is bounded over {0,T).
Because this reasoning is valid for every finite T, it follows
that e()JEL ., l.e., that AL pe—L",, . Next we show that the
mapping A 18 L,-stable in the sence of definition 5. Since
relh, therefore [Irll<oo  for all te(0, oo}, therefore
inequality C5 s true.

llellp < o0 for sll tel0, o) {c5)
Inequlity AS implies e belongs to Lg-space whenever r
belong to Ly-space. With the same reasoning from equations
C1to C5, it can be shown that inequality A6 is true.

Iril, s

1-as 1-org

felp < (C8)

Inequslity C6 and C5 taken together, guarantee that the
closed-loop mapping A is Ly-stable.
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