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Abstract

The work presented here i1s & controller design
methodology for robot manipulators based on the
nput-output functionsl relationships [26] in the dynamic
behavior of the robot manipulator and environment. This
controller guarantees: 1) the robot end-point follows an
nput command vector “closely” when the robot is not
constrained by the environment, snd 2} the contact force
1s & function of the same input command vector (used in
the unconstrained environment) when the robot is
constrained by the environment. The controller is capable
of "handling” both types of constrained and unconstrained
maneuvenngs, and is robust to bounded uncertainties in
the robot dynamics. The controller does not need any
hardware or software switch for the transition between
unconstrained and constrained maneuvering. A set of
experiments has been carried out in reference 14 and 15
to show how this unified approach can develop compliant
motion in & constrained maneuvenng.

Nomenclature

A the closed-Loop mapping fromrto f

d.e nx] vector of the external force on the robot
. end-point and nxtinput tra jectory vector

e,, On Ppositive scalLars

E environment dynamics

f nx1 vector of the contact force

foo Yoo the Limiting value of the contact force and robot

position for ngid environment

robot dynamics with positioning controtler

compensator transfer function matrix

nx1 input-command vector

degrees of the freedom of the system n<6

robot manipulator stiffness

positive scaiar

the forward Loop mapping from e to f

environment deflection

nx| vettor of the robot end-point position

nxt vector of the environment position before

contact

nxt vector of the joint angtes of the robot

€8¢ Ppositive scalars

wy frequency range of operation {pandwidtn}

«,, B, positive scalars
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1. Introduction

In general, maniputation consists of two categories. In
the first category, the manipulator end-point is free to
move in all directions. In the second, the manipulator
end-point interacts mechanically with the environment.
Most assembly operations and manufacturing tasks
require mechanical interactions with the environment or
with the object being maeniputated, along with “fast’”
motion in free and unconstrained space. Therefore, the
object of this work is to develop 8 control system such
that the robot will be capable of "handling® both types of
maneuvers without any hardware and software switches.
The hardware and software switches used in atgonthms
such as hybrid force/position control (20} develop
unpleasant transient response in the transition period. In
meeting the above objective, the goal is to develop &
controller for the robot manipulator such that:

1] The robot end-point follows an input-command vector
very “closely” when the robot 1s not constrained (a more
rigorous definition for “closely” will follow].

2) The contact force is & function of the same Nput-
command used in the unconstrained maneuvering when
the robot is constrained by the environment.

Note that the above notation does not imply & force
control technique (18,19,28,29,30,31]. We are Looking fcr a
controtler that guarantees the tracking of the
input-command vector when the robot is Not constrainea,
8s well as the relation of the contact-force wvector with
the same Input-command vector when the robot
encounters an unknown environment.

2. Motivation

The following scenaro revesls the crucial need for
comptliance control In high-speed manufacturing
operations. Consider an assembly operation by & human
worker in which there are parts to be assemblLed on the
table. Each time the worker decides to reach the tabie
and pick up & part, she/he always encounters the table
with 8 non-zero speed; in other words she/ne hits the
table white picking up the parts. The worker ailso
assembles the parts with a non-zero speed; mesning the
parts hit each other while they ere assembled. The ability
of the human hand to encounter the unknown and



unstructured environment with non-zero speed allows
for 8 higher speed of operation. This ability n human
beings flags the existence of a compliance control
mechanism tn biological systems. This mechanism
guarantees the “stability” of contact forces in constrained
maneuverng, N addition to high speed maneuvenng in an
unconstrained environment. With the existing state of
technology, we do not have an integrated robotic
assembly system that can encounter an unstructured
environment as a human worker can. No existing robotic
assembly system is faster than a human hand. The
compliancy N the human hand allows the worker to
encounter the environment with non-zero speed. The
above example does not imply that we choose to Imitate
human factory-level physiological/psychological behavior
as our model 1o develop an over-all control system for
manufacturing tasks such as essembly and finishing
processes. We stated this example to show that: 1} e
reliable and optimum solution for simple manufacturnng
tasks such as assemply does Not yet exist and 2J 1t is the
existence of an efficient, rast compliance control system in
human beings that sllows for superior and faster
performance. We believe compliance control is one of the
key issues In the development of high-speed
manufactunng operations for robot manipulators.

The control method exptained here is general anc
applies to all industrial and research manipulators. We
take the time-gomain non-linesr approach to armve ot the
stability condition. The results of expenments in reference
1S confirm the frequency domasn approach.

3. The Controller Design 0bjectives

The design objective is to provide &8 stabilizing
dynamic compensator for the robot maniputator such that
the following design specifications are satisfied.

. The robot end-point follows an input-command
rector, r, when the robot manipulstor is free to move.

11. The contact force , f, is @& function of the input
commang vector, r, when the robot Is In contact with
the environment.

The first design specification allows for free
maniputation when the robot is not constrained. If the
robot encounters the environment, then according to the
second design specification, the contact force will be &
function of the input command vector. Thus, the system
will not have a Large and uncontrollable contact force.
Note that r is an input command vector that is used for
both unconstrained and constrained maneuverings. The
end-point of the robot will follow r when the robot is
unconstrained, white the contact force will be & function
of r (preferably a Linear function for some bounded
frequency range of r) when the robot is constrained.

4. Non-lLinear Dynamic Model of the Robot with
Positioning Controllers

In this section we develop 8 new approach to describe
the dynamic behavior of 8 Large class of industnal and
research robot manipulators having positioning
controliers. We plan to model the dynamic benhavior of
these manipulators by & general mathematical form. The
fact that most industrial meniputators have some kind of

robust positioning controllers i1s the motivation berinc our
approach. Also, 8 number of methodologies exist for tra
dgevelopment of the robust positioning controilers for
airect and non-direct robot manipulators (23,24,27).

The end-point position of 8 robot manipulator that
has & positiorung controller is “epproximately” equal to
the input tra jectory vector, e, If 15 bounded In magnitude.
The approximate equality of e and the actuaL end-point
position (in absence of external force on the robot
end-point] can be represented by mapping G in equation 1.

y=Gle) m
Hy-ell, .

lell, -

uthers: for llall ¢ a [
, —

e: The n-dimensional {n¢6} input trajectory vector n a
plobal cartesian coordinate frame.

y: The n-aimensional (n¢6) actusl position vector of the
robot end-point in & global cartesian coordinate
frame.

The definition for || . il , (P-norm) is given in Appendix A. Note
that e is the input trajectory vector that a8 commercial
robot manipulator accepts via its positioring controller.
Because of Limitation on the size of the actuator torque,
one cannot track & “large” trajectory vector, e, with &
small error, g,. Scalar e, tS defined to represent the
confinement of the norm (*magnitude” in the multivanadle
sense] of e. Regardless of the structure of this pos:tioning
controller, relationships 1 and 2 can be justified. One can
stways find an ey, ond g, expenmentally (or analyticatly if
possible] for a particular robot maniputator.

Robot manipulators with positioning controtlers are
not infinitely stiff in response to externmal forces (also
called disturbances). Even though the positioning
controllers of robots are usualty designed to follow the
tra jectory commands (according to retationships 1 ang 2)
and reject disturbances, the robot end-point moves
somewhat in response to imposed forces on the rodbot
end-point. The motion of the robot end-point in response
to imposed forces is caused by ether gstryucturasl
compliance in the robot or the positioning coptroier
gompliance. The motion of the end-point of a robot under
the imposed force at the end-point, ¢, in the absence of
any input trajectory vector can be representec by
mapping S in equation 3.

ws(a) (3)
|

flali,

Where d is the N-aimensional vector of the external force
that is imposed on the robot end-point. The general form
of the non-lLinear dynemic equations of & robot
maniputator with positioning controller can be given by
two non-tinear vector functions G and S In equation 5.
Note that, although we have assumed d and e affect the
robot In & non-linear fashion, equation S5 assumes that the
motion of the robot end-point is & Linear agaition of both
effects.

y = Gle) + 5(a} (S)
Figure 1shows the nature of the mapping in equation 4. No
essumption on the internat structures of Gle) ana S(c) are
made. We assume that G(e) and 5(d) are stable, non-Linear
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Figure 1: The Dynamic of the Manipulator with the
Positioning Controller

5. Non-Linear Dynamic Behavior of the Environment

There i1s no specific model for the environment
aynamics. The environment could be very "soft” or very
"hard". We do not restrain ourseives to any geometry or
to any structure. We can assume that if one point on the
surface of the environment is displaced (e.g. by the
end-point of the robot) as vector of x, then the required
force to do such & task is defined by f [Figure 2).

The dynamic behavior of the environment is given by
mapping £ in equation 6 . One can think of E(x) as a nxi
vector function of x.
f=E{x} (8)

Figure 2: The Environment and its Dynamics

X is the the initial Location of the point of contact
before deformation occurs and y is the robot end-point
position (x=y-x,). No assumption is made on the structure
of E. We also assume E is stable in Ly-sense; E: L"—L "
and aLso there exit constants such &8s oy 8Na B3 such that
BE ixMp<ars lixllp+ B3.

'ln this paper force implies force and torque and
position implies position and onentation.

6. Non-Linear Dynemic Behavior of the Robot
Maniputator eand Environment

Suppose & manupulator with dynamic equation 51s in
contact with an environment given by equation 6. The
contact force will be equal to f. Note that when the robot
manipulator and environment are in contact with each
other, f=-d and x=y-x, Figure 3 shows the robot
maniputator 8nd the environment when they are in contact
with each other. Note that in some applicstions, the robot
will have only uni-directional force on the environment.
For example, in the grinaing of &8 surface by & ropot, the
robot can only push the surface. If we considers positive
f, for “pushing” and negative f, for “pulling”, then in this
class of manipulation, the robot manipulator and the
environment ere Iin contact with each other only atong
those directions where f,>0 for i=1,...,n. In some applications
such 8s screwing & bolt, the interaction force can be
positive and negative. This means the robot can have
clockwise and counter-clockwise iNteraction torque. The
non-tinear discriminator block-diagram in Figure 3 s
drawn with dashed-line to itiustrate the above concept.
Considering equations S and 6, equations 7 and 8
represent the entire dynamic behavior of the robot anc
environment as a whole.

W= Gle} - 5(f) (?)
f=E(x)
where x=y-x, (8)

The block diagrem in Figure 3 shows the nature of
mappings 7 and 8.
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Figure 3: Interaction of the Robot Manipulator with
the Environment

When the robot is not in contact with the environment,

then x=0 and the equation that governs the dynamics of
the system is given by equation 1 {y=Gle)] Note the
natural feedback in the system; the force developed In the
system from the interaction of the robot maniputator ana
the environment affects the robot motion in & feeaback
fashion. We define V in equation 9 &8s &8 mapping from e
to fin Figure 3.
f=V(e) (9)
In other words the mappings given by equations 7 and 8
can be simplified by mapping V: e—f where e and f are
shown In Figure 4. Note that we assume V is 8s stable
operator in L-sense; in other words: ViL,"—L," end aLso
IViell, ¢ aqlielly + pswhere a4 BNA B4 Bre constants.

e f
—_— V

Figure 4: The Mapping from the Trajectory to the
Contact Force

7. The Closed-loop Architecture of the Closed-loop
System
The control architecture in Figure S shows how we



cevelop compliancy in the system. His &8 compensator
to be designed. The input to this compensator 1s the
contact force. The compensator output signatl 1s being
,subtracted from the input command vector, r, resutting in
the error signal, e for the robot manipulator.
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Figure S: The Closed-loop System

There are two feedback Loops in the system; the
upper Loop {which is the natural feedback Loop), 1s the
same as the one shown in Figure 3. This Loop shows how
the contact force affects the robot in & natural way when
the robot is in contact with the environment. The tower
feecdback Loop Is the controlled feedback Loop. We
chose this architecture in the presentation of the system
to emphasize the separation of the two Loops.

If the robot and the environment are not in contact,
then the dynamic behavior of the system reduces to the
one represented by equation 1, which is 8 simple positioning
system. When the robot and the environment are in
contact, then the value of the contact force and the
end-point position of robot are given by f and y where the
following equations are true:

y=Gle)-S(f) {10)
f=E{x] (o
e=r-H(f) (12)

Ue ptan to choose a class of compensators, H, to
control the contact force with the input command r. This
controller must also guarantee the stability of the
closed-loop system shown in Figure S. When the system is
not in contact with the environment, the actusal position of
the robot end-point 1s almost equal to the input trajectory
command governed by equation 1. When the system is in
contact with the environment, then the contact force
follows r according to equations 10, 11 and 12. The input
command vector, r, is used differently for the two
categories of maneuverings, &8s an input trajectory
command in unconstrained space (equation 1} and as a
command to control force in constrained space. We de not
command any set-point for force as we do in admittance
control {20,28]). This method 1s catied Impedance Control
{2,3.4,5,6) because it accepts a8 position vector as input and
1t reflects a force vector as output. There is no hardware
or software switch in the control system when the robot
travels from unconstrained space to constrained space.

The feedback Loop on the contact force closes naturally
when the robot encounters the environment.

8. Stabliity
The objective of this section 15 to arrive at a

sufficient condition for stability of the system shown in
Figure S. This sufficient conaition sutomatically leads to
the introduction of & class of compensators, H, that can be
used to develop compliancy for the class of robot
manipulators that have positioning controllers. The
measured contact force s subtracted from the
input-command vector, r 8s in Figure 6. The following
theorem (Small Gain Theorem] states the stadility
conditjon of the closed-loop system shown in Figure 6. A
corotlary is given to represent the size of H to guarantee
the stability of the system.

H

Figure 6: Maniputator and the Environment with
Force Feedback Compensator, H [Simplified Version

of Figure 5)
L. If Vis 8 L,-stable operator, that is
8l WVlelip" —L" (13)
b} Ivielpcadlel, « o 14)

where a4 8Nd B4 8re positive constants, and if,

I. His chosen as stable Linear transfer function matrx
such thet mapping HV(e] i1s still L,-stable, that is

8l HVie:i" —L" (15)
bl Mv(elli;<aslel, + Bs where ag! (16)
then the closed-loop system is L,-stable. Conditior: 1 s
elready assumed in Section 6. The Proof 15 given in
Appendix A.

Lorollary

The key parameter in the theorem is the size of as.

According to the above theorem, to guarantee the
closed-loop stability of the system, H must be chosen such
that the norm of HV(e) is Linearly bounded with a stope
that is smealler than unity. Considering inequatity 14 ,
Inequality 17 is true.

IHV{eM,<li Hllp [ exgllelly + Ba) (17)
Companng inequality 16 and inequslity 17, to guarantee the
stabillty of the system |{Hllpaq Must be smaller than unity,
or, equivalently:

lHllp < 1oy (18)
Substituting for a4 from inequatlity 14:

el

THla ¢ Vs ¢ ———— nal
ifvielllp - Ba

To %uaruntee the stability of the closed-loop system, H
must be chosen such that:

. hele om
' fivielllp

To guarantee the stability of the closed-loop system, the
Lp-norm of H must be Less than the reciprocal of the
“magnitude” of the mapping in the forward Loop in Figure 6.
A similer result will be given In Section 15 using
muttivanable Nyquist Cntena.

9. Frequency Domain Approach
The dynamic behavior of the robot maniputator anc
environment is inherently nor~uirear. Since mertia-invernant



robot manipulators have Linear dynamic behavior, 1t is
more reasonable to use frequency domain techniques for
controlier design. This frequency domain technique also
gives more mnsights to the problem. In the following
c22710ns, we use frequency domain to represent the
dynamic behavior of the robot manipulator with
positioning controller and the environment. Having the
aynamic interaction of the robot manipulator and
environment modeled in frequency domain, we consider
the stability analysis of the cLosed-Loop system shown in
Figure S. Using the Multiveriable Nyquist Cntena, we will
ernve at the sufrficient condition on H that Leads to
stability of the closed-loop system shown in Figure 5. Ths
concition on H confirms the results of Section 8.

9. Dynamic Behavior of the Robot Manipulator with
Positioning Controlier In Frequency Domain.

We define a transfer function matrix, G in equation 21
to define the dynamic behavior of a robot manipulator with
positioning controilier. Readers can think of G as &
describing function matrix that maps the amplitude of the
nput tra jectory, e, to the amplitude of the robot position,
Y. Since the dynamic behavior of robot manipulators with
positioning controllers is generally considered non-linear,
the output position amplitude, y, depends not only on the
amplitude of the input trajectory, e, but alsc on the
orientation of the robot, 6. For & given 6 as the operating
point.

Yl Jw,8)=6(Jw,0) el jw) (21
where:

1 6lyew,8) -1, 1 eljwlll;

il elyeodllz

Some explanations are needed for the practical
cenditions that are imposed by e, 8nd w, ON inequality 22.
Because of the Limitation on the size of the actuator
torque, one cannot track & “lLarge” input trajectory, e,
with & small tracking error, g,, within the frequency range
of (0,wy,). Scalar e, is defined to represent the confinement
of the magnitude of e. Physical systems are not responsive
to high frequency Input trajectory commands. Inequality
22 will not hold at high frequencies. w, Iis introduced to
represent this Limitation. The frequency range (0,w,)
where inequality 22 holds, Is called the bandwidth of the
closed-loop positioning system (1,5,9). ¢, is 8 small number
for good positioning systems. As an example, for the ADEPT
robot, € is equal to 0.01 for all |lell; ¢ 1em, and we (0, S
hertz}.

Note that we chose the frequency domain to
represent the dynamic behavior of the ciosed-loop
positioning robot. This allows us to represent en
approximation of the dynamic behavior of the closed-loop
positioning robot without being specific about the nature
of the input trajectory, e, and the structure of the
positioning controlier. For any maniputator, with any type
of positioning controller, one can always earrive at
inequality 22 expenmentally or anatytically. Conservative
values for w,8nd e, are adequsate to represent an
approximation of the closed-loop positioring dynamic for
the robot.

We express the dynamic behavior of & robot
manipulator in response to forces on the robot end-point
similerly. We can express the stiffness of & robot
manipulator by a matnx, S. The motion of the end-point of

CFP. forall rnesean llalloco 27
= v, e w =T

8 robot under the imposed force, d, 8t the enc-point, In
the absence of any input trajectcry vector ¢an be given
by equation 23,

ylyw,B8)=5jw,6] d jw) (23)

Il S{jc,8) dijwlli2
la(ywl iz

S is @ transfer function matrix thet represents the
comptiance (1/stiffness] of the robot. § I1s called the
sensitivity matrix end for "good" positioning systems 1s
quite “small”. [ By "smali" we mean the maximum singutar
value of Sis a smatl number for all the frequencies that
the external force, d affects the system.)

Combining equations 21 and 23 into equation 25, one
can represent the dynamic behavior of a robot with a
positioning controller: )
yljew,8)= Gl jew,B)el jew)+S[jw,8) di jeo) (25)
where G and S are given by equations 21 and 23. Figure 1
shows the complete dynamic behavior of the rcobot
manipulstor with a positioning controtler.

- — [T . f—an

1. Dynamic Behavior of the Environment iIn
Frequency Domain

As we descnbed In Section 5, we do not consider any
specific model for the dynamic behavior of the
environment. The environment dynamic benhavior varies
significantiy for vanous robotic applications. We assume
that if one point on the surface of environment is
displaced (e.g. by the end-point of the robot) as vector of
X, then the required force to do such a task is definec by

fljw )=E(jw) x{jw) (26)

E(jew) is & complex matrix that maps the amplitude of the
displacement vector, x to the amplitude of the con-act
force, f. The matrix E is & nxn matrix transfer function. No
assumption about E is made; E is 8 singular matrix when
the robot interacts with the environment in some
directions only. For example, in gnnding & surface, the
robot is constrained by the environment in the airection
normal to the surface only. Readers can be convinced of
the truth of equation 26 by analyzing the retationship of
the force and displacement of 8 spring as 8 simple modet
of the environment. E resembles the stiffness of a spring.

12. Dynamic Behavior of the Robot Manipulator andg
Environment In Frequency Domain
If a manipulator with dynamic equation 25 1s 1n
contact with an environment given by equation 26, then
f=-d and x=y-x, . Combining equations 25 and 26, equation
27 is denved to descnibe the dynamic behavior of the
robot and the environment. (For simplicity In notatioen, he
arguments of functions are omitted.)
y=(1+SE}"'Ge [27)
Figure 3 shows the robot manipulstor and the
environment when they are in contact with each other.
When the robot is not in contact with the environment,
then x=0 and the equation that governs the dynamics of
the system is given by equation 28 [the same 8s equation
21.
y=Ge (28]

13. The Architecture of the Closed-loop System
The control architecture in Figure 5 shows how



compliancy 1s developed In the system. H{jw) is &
compensator to be designed. The nput to this
compensator 1s the contact force. The compensator output
signal 1s being subtracted from the input command vector,
r. resulting N the error signsl, e as the trajectory
command for the robot manipulator.

When the robot and the environment are in contact,
then the value of the contact force and the end-point
position of robot are given by equations 29 and 30
respectively.
f=E(l+SE+«GHE)"Gr {29)
y= (1+SE+GHE)'Gr (30)

It 1s desired to choose a class of transfer function
matnices, H, as compensators to control the contact force
with input command r. When the system is not in contect
with the environment, the actual position of the robot
end-point can be commanded by the input trajectory
command via the robot positioning controtler. When the
system is in contact with the environment, then the
contact force follows r eccording to equation 29. In our
approeach, the input command vector, r, is used differently
for the two categories of maneuverings. r is used &8s an
nput trajectory command in unconstrained space (in 28
r=e] and as & command to control force in constrained
space, (equation 28). This method can be csalled Impedance
Control {2,3,4,5,6) because it accepts 8 position vector as
nput and 1t reflects o force vector as output. We do not
command any set-point for force a8s we do in force
control systems (20,28). There is no hardware or software
switch in the control system when the robot travels from
unconstrained space to constrained space. The feedback
toop on the contact force closes naturally when the
robot encounters the environment.

14. Very Rigid Surface

In meost manufacturing tasks such 8&s robotic
deburring, the end-point of the robot manipulator is in
contact with a very stiff environment (8,12,13,14,15) In this
section, we plan to caiculate the Limiting value for f and
y when the robot maniputator and a very ngid environment
are interacting with one another. According to the results
N Appendix B, when the environment is very stiff, [E 1s
very "Large” in the singular value sense), the resulting
value for the contact force and the ena-point position are
given by equations 31 and 32 respectively:
foo = (S+GHI"'G (31
Yoo =0 (32)
Since G=l, for all wel0,w,), the value of the contact
force, f, within the bandwidth of the system {0,cw,) can be
spproximated by equation 33:
foo = (S+H)'r for all wel0,w,) (33)
By knowing $ and choosing H, one can shape the contact
force. If H is chosen such that (S+H} 15 "Large” In the
S.-sJ4lar Value sense”™ at high frequencies, then the
contact force in response to high frequency components
of r witl be small. The vetue of {S+H] within (0,w,) 15 the
designer's choice and, depending on the task, it can have

* The masimum Singuier value of His dafined as
[I1Hr iz

FrgulHl = MAK —————
"r|'2

Unere r=0, and ||.ll; genotes the Euclidesn norm

various vaiues In dif ferent airections (6,7,10,11,22). A Large
value for [S+H] within [0,w,] develops a complLiant system
while a small {S+H) generates a suff system.

15. Stability

The objective of this section is to arrive at &
sufficient condition for stability of the system shown n
Figure S. This sufficient condition automaticatlly Leaas to
the introduction of a class of compensators, H, that can be
used to develop compliancy for the class of robot
manipulators that have positioning controilers. The
detailed denvation for the stability condition I1s given in
Appendix C. According to the resutts of Appendix C, the
sufficient condition for stability is given by inequality 34.

Omax [GHE] {Omin [SE + I} for all wel(0,00) (34)
or, .
Tmax H £ for all we(0,00) (35)

Omax [E(SE + 1,17'G)

If H is chosen outside of this class, instability eand
consequent separation may occur. Inequality 35 1s &
sufficient condition for stability. If mequality 35 is not
satisfied, no conclusion on the stability of the system can
be achieved. E[SE+1,)"'Gis the forward Loop transfer
function of the system in Figure 7. Accoraing to inequatity
35, the "size” of Hin all directions must be smaller than
the reciprocal of the maximum "size" of the forward Loop
transfer function, E(SE+1,)7'G. Inequality 35 guarantees the
stability of the system if the maximum singular vatue of H
is chosen to be Less than the reciprocal of the maximum
singular value of E(SE+I,)'G.

r_ e

-1
_,?_. EISE+1,) G
, ]

Figure 7: The Simplified Form of the System In
Figure S

Inequality 35 reveals some facts about the size cf H. The
smaller the sensitivity of the robot maniputator 1s, the
smaller H must be chosen. Also from inequality 35, the
more rigid the environment is, the smaller H must dbe
chosen. In the “ideal case”, no H can be found to allow a
perfect positioning system [5=0] to interact with an
infinitely ngid environment (E=oco).

Stebility for very rigid epvironment. If His chosen to
guarantee the compliance In the system according to
equation 33, then It must aiso satisfy the stabiity
condition. [t can be shown that the stability cnteria for
interaction with & very rigid environment is given by
inequality 36:

Omax [H] € for all we(0,00) (36)

Tmax [57' 6]

It is clear that if the environment 1s very ngid, then
one must choose & very small H to satisfy the stability of
the system when S is "small®. (A good positioning system
has “small* S). Since G=1, for all we&(0,w,), the bounc for H,



for a ngid environment and a "small” stiffness, 1s given by
nequality 37.

Tmax H € Ten () for oll wel(D,w,) [37)
Stapiity Congition when rel In the case of the one degree
of freedom system in Figure 8 the conaition for stability !s
given by inequality 38.

HHGlZ < I{5+1/E)Il, for all wel(0,00) (38)
Since in many cases G=1for all D<wtw,, then H must be
chosen such that the following inequality is satisfied.

lIHll; < {S+1/E}I2 for ol wel0,w,) {39)
Inequality 39 clearly shows that the more rigid the
environment is, the smaller H must be chosen to
guarantee the stability of the closed-Lloop system. In the
tase of & rigid environment {"Large” £) and & “googd”
positioning system, H must be chosen as a very small gan.

16. Summary and Conclusion

Manipulation requires Interaction with the
environment or with the ob ject being maniputated. This
paper presents & controller architecture for the robot
maniputators that can generate electronic compliancy.
We started with modeling the class of robot manipulators
that have positioning controllers. This model 1s
Independent of the structure of the positioning controller
of the robot menipulator. Having the robot and
environment modeled in 8 very general form, we arrive at
8 new architecture control to guarantee electronic
comptliancy for the robot manipulators. This approach
sillows not onty for tracking the input-command wvector,
but also for compliancy in the system. The bound for the
olobsl stability of the manipulator and environment has
been derived.

Appendix A

Definitions 1to S will be used in proof of the stability
of the closed-loop system [25,26).
Definition & For-all pe(l,%°), we Label 8s L", the set
consisting of all functions f={f,,f;,...fJ7:(0,90} —R" such
that:

©0

JIfiIPat coo

0]

Definition 2. For all T&(0, o), the function fy defined by:

f 0¢t(T
fT =

0 Tet
1 called the truncation of f to the interval (0,T).
Definition 3. The set of all functions f=[f,,fs,...,fo7:(0,0)
—R" such that freL”, for all T is denoted by LM, atthough
f by itself may or may not belong to L%,
Definition 4: The norm on L,," 1s defined by:

n 2
el = | SoIf COl2
i=1

Definition 5;  Let V(e) L"gy — L%, . We say the mapping V
is Ly-stabte operator, If:

8] WMelL —L”

b)  Iviell <aqllell, « By, where aq BN B4 are positive
constants. According to this definition first we assume te

function maps from L%, to L%, . It 1s very clear that if orie
dgoes not show that Vil"p,— LM, therefore t~
satisfaction of conaition (8] 1s impossible because L",
contains L", Once the mapping from L%, 10 L, 1S
established, then we say that the system 1s L -stable if,
whenever the input belongs to L%, the resutting output
betong belongs to L7, and moreover the norm of the
output i1s No Larger than than a4 times the rorm of the
INput plus the constant g,

Define the ciosed-loop mapping A:r—e (Figure 6).
e=r-Hv(e) (RY)
For each finite T, inequality A2 1s true.
lelpe <irilp.« 1HVIell, forell tel0,T) (A2)
Since Hv(e] 1s L,-stable. Therefore, inequality A3 1s true.
lelge <hrigecaslell + 8s for sll t€(0,T) (R3)
lellpy ¢ ﬂLl"’—' L for atl te(0,T) (R4)

1 s 1-ag
Inequelity A4, shows that el} i1s bounded over (0,T).
Because this reasoning 1s valid for every finite T, 1t follows
that e(JEL",, l.e., that AL%,—L"%, . Next we show that
the mapping A Is Ly-steble In the sense of definition S.
Since rel”,, therefore [irll,< oo for all te(D, oo)
therefore inequality RS s true.
felp < 00 for all t€(0, oo} (RS}
inequality AS implies e belongs 1o Ly-space whenever r
belong to L,-space. With the same ressoning from
equations Al to AS, it can be shown that inequality AB 1S
true.

firll
lelp ¢ —F—o—— (A6)
1-ag 1-asg
Inequality A6 and AS taken together, guarantee that the
closed-loop mapping A 1s Ly-stadble.

Appendix B

A very ngid environment generates 8 very lLarge
force for & smaill displacement. We choose the mMaximum
singular value of E to represent the size of E. The
following theorem states the Limiting vatue of the force
when the robot manipulator is in contact with a very rigid
environment.
Jheorem
If omnlE>M, where M is an arbitranily Large number, then
the value of the force given by equation 10 will approach
to the expression given by equation B1
foo=(S+GRIT'Gr {81
Preef.

We will prove that |if,-fll, approaches & small
number as M approaches & Large number.
foo - = [S+GH [1, -{S«GHI E (I, +SE +GHE )™') Gr (B2)
Factoring (1,«SE+GHE)™ to the nght hand side:
foo - f ={S+GHY" (I,+SE+GHE)" Gr (83)
"fw'fnz(

OmexIS* G H' Craxlln*S E+GHET omex [Gllirll;  (B4)

Omax (G ITHl2

foo - flly < {B5)
Moo=l <TG M (omaBE-GHE]-1)

0 " e [BUWrlla (©6)
foo-f B6
* 2<°'mm(s +GHI(Omin[S+G H) omnlE) -1




O max(G) 8N o'mp(S+GH] Bre bounded values. If opllE)>M,
then it 1s clear that the Left hand side of Inequatity B6 can
be arbitraniy smell number by choosing M to be & Large
number. The proof for Y.,=0 is simiLar to the above.

Appendix C

The objective 15 to find a sufficient condition for
stability of the closed-loop system n Figure 5 by Nyquist
Criteria. The block chagram in Figure 6 can be reduced to
the block diagram In Figure A1 providing 6~ exists.

>o

Figure C1: Simplified Block-Disgram of the System In
Figure §

There are two elements in the feedback Loop; HE and
G'SE. G'SE shows the natural force feedback while HE
represents the controlled force feedback in the system. If
H=0, then the system in Figure C! reduces to the system
in Figure 3 (8 stable positioning robot maniputator which s
in contact with the environment E.) The objective is to use
Nyquist Criteria (17, 21) to arrive at the sufficient condition
for stability of the closed system when H=0. The following
:onditions are regarded:

1] The closed toop system in Figure A11s stable if H=0. Thig
condition simply states the stability of the robot
manipulator and environment when they are in contact.
(Figure 3 shows this configuration.)

2) H 1s chosen as & stable Linear transfer function matrix.
Therefore the augmented Loop transfer function [GHE+SE)
has the same number of unstable poles that SE has. Note
that in many cases SE is 8 stable system.

3) Number of poles on jw axis for both Loop SE and
GIHE+G~'SE} are equal.

Considering that the system in Figure Alis stable when
H=0, we ptan to find how robust the system is when the
term HE is added to the feedback Loop. If the Loop transfer
function G(G~'SE} (without compensator, H) develops @
stable closed-lLoop system, then we are Looking for @&
condition on H such that the augmented Loop transfer
function G(HE+G'SE) gusrantees the stability of the
ciosed-loop system. According to the Nyquist Criteria, the
system 1n  Figure C1 remains stable if the clockwise
encirclement of the det.[SE«GHE+I,] around the center of
the S-plane is equal to the number of unstable poles of
the Loop transfer function [SE+GHE]. Accoraing to
conditions 2 and 3, the Loop transfer functions SE and
{SE+GHE) both have the same number of unstable poles.
The closed-loop system when H=0 is stable according to
condition 1; the encirclements of det.(SE«1,) s equal to
unstable poles of SE. When H is added to the system, for
stability of the closed-loop system, the number of the
encirclements of det.SE+GHE+I,) must be equsl to the
number of unstabie poles of the (SE+GHE]. Since the
number of unstable poles of [SE+GHE) and SE are the same,
therefore for stability of the system det.{SE+GHE+1,) must
nave the same number of encirclements that det.(SE+],)

has. To guarantee the equality of the number of
encirciements of det.(SE+GHE+1,) and det.[SE+l,), there‘cre
aet.[SE+GHE+1,) must not pass through the ongin of the
s-plane or equivalently:
det. [SE+GHE+ |} = O for all we(0,00) {cy
A sufficient condition to guarantee that det. [SE+GHE+1,]
1S Not equal to zero is given by iNnequatity C2.
OF gy [GHE]( Ty (SE+15}  fOr il wo&(0,00) [c2)

1

Tmax [E(SE+1,)"1 G)

O max [H]€ for all wel(0,0¢) (C3}

Note that E[SE~1,"'G is the transfer function matrix that
maps e to the contact force, f. Figure 7 shows the
closed-lLoop system. According to the result of the
theorem, H must be chosen such that the size of H s
smaller than the reciprocal of the size of the forward teep
transfer function, (E (SE+1.)"' G).
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